PERIODICITY OF BETTI NUMBERS OF MONOMIAL CURVES 
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Abstract. Let K be an arbitrary field. Let a = (a\ < ■ ■ ■ < a n ) be a sequence 
of positive integers. Let C(a) be the affine monomial curve in A n parametrized 
by t —y (t ai , ...,t a "). Let 1(a) be the defining ideal of C(a) in A"[xi, ...,x n ]. 
For each positive integer j, let a + j be the sequence (ai + j, ..., a n +J*)- ^ n * n ' s 
paper, we prove the conjecture of Herzog and Srinivasan saying that the betti 
numbers of I(a + j) are eventually periodic in j with period a n — a\. When j 
is large enough, we describe the betti table for the closure of C(a + j) in P n . 
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1. Introduction 

Let K denote an arbitrary field. Let R be the polynomial ring K[xi, ..., x n \. Let 
a = (oi < • • • < a n ) be a sequence of positive integers. The sequence a gives rise 
to a monomial curve C(a) whose parametrization is given by x± = t ai , ...,x n = t a ". 
Let /(a) be the defining ideal of C(a). For each positive integer j, let a + j be 
the sequence (ai + j, ...,a n + j). In this paper, we consider the behaviour of the 
betti numbers of the defining ideals /(a + j) and their homogenizations /(a + j) for 
positive integers j. 

For each finitely generated i?-module M and each integer i, let 

Pi{M) = dim K Torf (M, K) 

be the i-th total betti number of M. The following conjecture was communicated 
to us by Herzog and Srinivasan. 

Conjecture 1 (Herzog-Srinivasan). The betti numbers of /(a + j) are eventually 
periodic in j with period a n — a\ . 

In general, the problem of finding defining equations of monomial curves is diffi- 
cult. For example, in [T] , Bresinsky gave an example of a family of monomial curves 
in A 4 whose numbers of minimal generators of the defining ideals are unbounded. 
Recently, in the case n < 3, Conjecture Q] was proven by Jayanthan and Srinivasan 
in [7j. In the case when a is an arithmetic sequence, Conjecture [1] was proven by 
Gimenez, Sengupta and Srinivasan in [6]. In this paper, we prove the conjecture in 
full generality: 

Theorem 1.1. The betti numbers of I (a. + j) are eventually periodic in j with 
period a n — a\. 

To prove Theorem 11.11 we first prove the eventual periodicity in j for total betti 
numbers of the homogenization /(a + j), and then prove the equalities for total 
betti numbers of /(a + j) and /(a + j) when j 3> 0. 
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To simplify notation, for each i, 1 < i < n, let 6; = a n — a%. Note that if / is 
homogeneous then / 6 /(a) if and only if / 6 /(a + j) for all j. Denote by J(a) 
the ideal generated by homogeneous elements of /(a). In general, for each finitely 
generated graded i?-module M, Toif(M,K) is a finitely generated graded module 
for each i. Let 

p ij {M) = &m K Tor?{M,K) j 

be the i-th graded betti number of M in degree j. Moreover, let 

regM = sup{j - i : fy ^ 0} 

i,j 

be the Castelnuovo-Mumford regularity of M. 

In Lemma l3.31 we prove that when j > &i(n + reg J(a)), each binomial in /(a+j) 
involving xq has degree greater than n + reg J (a). Thus the betti table of /(a + j) 
separates into two parts. One part is the betti table of J(a) which lies in degree 
at most n + reg J (a). The other part lies in degree larger than n + reg J (a). We 
call the part of betti table of /(a + j) lying in degree larger than n + reg J (a) the 
high degree part. We will prove that when j>0, the betti table of I (a + j + bi) is 
obtained from the betti table of I(a+ j) by shifting the high degree part of I(& + j) 
by certain rows (see Theorem 14. 6[) . 

A computation in Macaulay2 shows that the 
are as follows: 



Example 1.2. Let a = (1,2,3, 7, 10). 

betti tables of /(a + 49) and /(a + 58} 
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where the entry in the column-index i and row-index j of each table represents the 
betti number fii,i+j of the corresponding ideals. A dash represents 0. 

To prove the shifting behaviour of the betti tables of /(a + j) as well as the 
equalities of total betti numbers of /(a + j) and /(a + j), we note that /(a + 
j) and /(a + j) are defining ideals of certain semigroup rings. Moreover, by [2] 
Proposition 1.1], betti numbers of a semigroup ring can be given in term of homology 
groups of certain simplicial complexes associated to elements of the semigroup. 
Thus we reduce the problem to proving equalities among homology groups of these 
simplicial complexes. 

Let V be an additive semigroup generated by vectors Vi, ..., v„ e N m . Let K[V] 
be the semigroup ring generated by V. Let I(V) be the defining ideal of K[V] in 
R = K[xi,...,x n }. 

Definition 1.3 (Squarefree divisor simplicial complex). For each veF, let A v be 
the simplicial complex on the vertices {1, ..., n} such that F C {1, ..., n} is a face of 
A v if and only if 

v-]Tv 4 eK 
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Note that K[xi, ..., x n ] is multi-graded with grading given by degx; = Vj. Under 
this grading, by 2, Proposition 1.1], (see also [31 Theorem 1.2]), the betti numbers 
of I(V) and the homology groups of A v are related by 

Theorem 1.4. For each i, and each element v G V , 

A,v(I(V)) = ft+i, v (-R//(F)) = dim K #i(A v ). 

In our situation, betti numbers of J(a+ j) can be expressed in terms of homology 
groups of squarefree divisor simplicial complexes A/ jT . (defined in section [3]). In 
section[3] we prove that if I > n+reg J(a) and A; >r has non-trivial homology groups, 
then A; iT . is a double cone. By a double cone, we mean the union of two cones. From 
that, we derive the equalities of homology groups among these squarefree divisor 
simplicial complexes. The following example illustrates the double cone structure 
on A^ r . 

Example 1.5. Let a = (1,2,3,7,10). We consider the betti numbers of I(a + 
49). The betti table in Examvle \1.2\ shows that /3i t g(I(a. + 49)) and /32,io(-f( a + 
49)) are nonzero. A more precise computation in Macaulay2 with multi-grading 
shows that Ag^ and Aio,83 contribute to the betti numbers /3i ( g and ,02, io of 
/(a + 49) respectively. The complex Ag^ is the simplicial complex on the vertices 
{0, ..., 5} with facets 0524, 053, 124, 134, which is the double cone {05} * {3, 24} U 
{1} * {24,34}. Also, Aio,83 is the simplicial complex on the vertices {0, ...,5} with 
facets 0514, 05123, 0534, 124, 134, which is the double cone {05}*{14, 123, 34}U{1}* 
{24, 34}. The picture for these simplicial complexes are given in the following where 
we have identified and 5. 

05 05 





Note that the separation of betti tables of /(a + j) happens as long as j > 
bi(n + reg J(a)). It is natural to expect that the periodicity of the betti table of 
J(a + j) begins when j > bi(n + ieg J(a)). Experiments suggest that this is correct. 
Nevertheless our current method will only give a slightly larger bound for the place 
when the periodicity happens as follows. 

Let d — gcd(&i, ...,6 n _i) be the greastest common divisor of &i,...,& n _i. Let c 
be the conductor of the numerical semigroup generated by b\/d, ...,b n /d (see [10] 
for more details). Let B — J2"=i h + n + d. Let 

(1.1) iV = max|6 1 (n + regJ(a)),6 1 6 2 (^±^1+B 

Fix j > N. Let k = a n + j. Let e = dj gcd(d, k). In the case I > n + reg J (a), 
we prove that, for each pair (l,r) whose Ai >r (J) has non-trivial homology groups 
then Ai !r (j) = Ai +e ^ r+e f 11 (j + b\) proving that the betti numbers of /(a + j) and 
I (a + j + b\) are equal (see section 0] for more details). 
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Denote by (a + j) the semigroup generated by a± + j, ..., a n + j. For each pair 
(I, r) corresponding to an element of a + j, m = Ik — r is an element of (a + j). In 
the case I > n + reg J(a), we prove that if A/ ]r has non-trivial homology groups 
then A m is obtained from Aj, r by the deletion of the vertex 0. The double cone 
structures on A;. r and A m show that they have the same homology groups, proving 
the equalities of betti numbers of I(a+j) and I(a+j) (see section[5]for more details). 
Consequently, we prove that the betti numbers of /(a + j) are periodic in j with 
period b\ when j > N. The technical condition (jl.ip will naturally arise in the 
proofs of lemmas throughout the paper. 

Finally, we consider the behaviour of betti numbers of /(a + j) in the case a is 
a Bresinsky's sequence. In this case, we prove in Proposition 15.101 that the period 
b\ is exact. 

The paper is organized as follows. In section [2] we recall various notation in the 
introduction which will be used throughout the paper. In section [3j we prove the 
double cone structure on squarefree divisor simplicial complexes A; >r when I > n + 
reg J (a) and A;, r has non-trivial homology groups. In section|4j applying the double 
cone structure, we prove equalities among squarefree divisor simplicial complexes 
associated to I(a + j) and I(a + j + &i). As a corollary, we have a description of the 
betti table of I (a + j) when j>0. Finally, in section O applying the double cone 
structure, we prove the relation between squarefree divisor simplicial complexes 
associated to I(a + j) and I(a + j). As a consequence, we prove our main theorem. 
Finally, we prove that the period estimated in the main theorem is sharp for the 
examples considered by Bresinsky in [T]. 

2. Preliminaries 
The following notation and facts will be used throughout the paper. 

• For each i = 1, ..., n, let bi — a n — at. In particular, b n = 0. 

• Let d be the greatest common divisor of b\, ..., 6 n _i. 

• Let c be the conductor of the semigroup generated by bi/d, ..., b n -\/d. 

• Let B = £™ =1 bi+n + d. 

• Let iV = max J6i(n + regJ(a)),M 2 (t^t+b)}- 

• Fix j > N. Let k = a n + j. Let e = d/ gcd(d, k). Note that d\b±, so 
e = d/ gcd(d, k + 6i). 

Since fe > TV, it follows that k satisfies 

(2.1) k/bi > n + regJ(a), 
and 

(2.2) A> d i ±h + B - 

Ol&2 0„_i 

We will use the following notation when dealing with faces of simplicial complexes 
on the vertices {0, ...,n}. If F C {0, ...,n}, let \F\ be the cardinality of F. Moreover, 



PERIODICITY OF BETTI NUMBERS OF MONOMIAL CURVES 5 

for i £ {0, ...,n}, let 

*P = (° ***** 
1 1 if i £ F. 

Finally, the following representation of a natural number will be used frequently 
in the paper. Let u be a natural number such that u is divisible by d and u > dc. 
We can write u = tbi+v for some natural number t and v such that dc < v < dc+b\. 
Because d\b\, it follows that d\v. Since v/d > c, the conductor of the numerical 
semigroup generated by bi/d, ..., b n -\/d, we can write 

v/d = wi(bi/d) + ... + w n -i(b n -i/d), 

for non-negative integers w±, ..., w n —i- If we denote by b = (pi, ..., & n -i)* and w = 
(wi,...,Wn—i) t the column vectors with coordinates &i,...,6„_i and Wi,...,w n -i 
respectively, then we have the following representation of u — tb\ + v as 

(2.3) u = tbi+w-b, 

where w • b = Y^i=i w ibi is the usual dot product of these two vectors. With this 
representation, if we denote by |w| = X)j=i w i then 

,„ ,. u , , dc + bi 

(2.4) t < — and w| < , \ 

»l bn-X 

3. Double cone structure on simplicial complexes A;^ r 

In this section, we prove the double cone structure of the squarefree divisor 
simplicial complexes A/ jr defined below. 

Note that J(a + j) is the defining ideal of the semigroup ring K[a + j] where 



a + j is the additive semigroup generated by vectors wo = (k, 0),wi = (bi,k — 
6i),...,w„ = (0, k). Note that |wj| = k for all i = Q,...,n. Thus each element v of 
the semigroup a + j corresponds uniquely to a pair (l,r) where I — \v\/k and r is 
the first coordinate of v. The definition of squarefree divisor simplicial complex in 
Definition 11.31 translates to 



Definition 3.1. For each pair of natural numbers (I, r), let Ai r (j) be the simplicial 
complex on the vertices {0, ..., n} such that F C {0, ..., n} is a face of A; ]T .(j) if and 
only if the equation 

n 

y k + ^2 y t bi = r 

i=l 
has a non-negative integer solution y = (j/q, •■•, Vn) such that \y\ — ^2 i=0 yi — I and 
F C suppy = {i : y t > 0}. 

By Theorem 1 1.41 if we consider R[xq] with standard grading degXi — 1 then the 
graded betti numbers of /(a + j) are given by 

Proposition 3.2. For each i and each I, we have 

A,(J(a + j)) = dim* Torf [x ° ] (I(a + j),K)i - £ dim K H^^j)). 

r>0 

An easy consequence of inequality (|2.1[) and Proposition 13.21 is the separation of 
the betti table of /(a + j) when j > N. 
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Lemma 3.3. Assume that j > N. Any minimal binomial generator of /(a + j) 
involving xo has degree greater than n + reg J(a). In particular, any syzygy of 
J(a + j) of degree at most n + reg J (a) is a syzygy of J (a) . 

Proof. Assume that / = x^x™ 1 ■•■x^ n — x\ x ...x^ is a minimal binomial generator 
of I(a + j). By Definition 13.11 and Proposition ^. 2[ we have 

u Q k + uih + ... + u n b n = vibi + ... + v n b n . 

Since uq > 0, it follows that Vibi + ... + v n b n > k. By inequality (|2.1[) . 

n 

deg / = ^2 Vi - k / bl > n + re S J ( a )- 

The second part follows immediately. □ 

In this section, we will simply denote by A; ir the simplicial complex A^ r (j). 
We will prove that in the case I > n + reg J(a) and A;.,, has non-trivial homology 
groups, A;.,, is a double cone, the union of a cone over the vertices {0,n} and 
another cone over the vertex 1. 

Our first technical lemma says that the range for r so that A; :r has non-trivial 
homology groups is quite small. 

Lemma 3.4. For any I > n + reg J(a), if A; r has non-trivial homology groups 
then ek <r < ek + dc + B and I > r/b\. In particular, any solution y = {jjq, ■■■,y n ) 
of the equation y^k + yib\ + ... + y n b n = r with yo > satisfies j/o = e - 

Proof. Since I > n + reg J (a), if Aj jr has non-trivial homology groups then it 
supports a nonzero syzygies of /(a + j) in degree larger than n + reg J (a). By 
Lemma [3.31 A;_ r must have at least a facet containing 0. By Definition 13.11 the 
equation 

(3.1) yok + yih + ... + y n b n = r 

has a non- negative integer solution y = (yo, ...,y n ) such that yo > 0. Moreover, 
for A; >r to have non-trivial homology groups, it must have at least a facet that 
does not contain {0}. Again, by Definition 13.11 the equation (|3.ip has a solution 
z = (z , ..., z n ) such that z = and ^"=1 z i = ^ This implies that d\r and I > r/b\. 
Therefore, we must have d\yok or e|yo- Thus, r > y^k > ek. 

Now assume that r > ek + dc + B . Since r ~ ek — Y^i=i ^ > ^ c ' as m (|2 . 3j) . we 
can write 





ra-l 










(3.2) 


r = ek + \ I 

i—l 


H + th + 


w • b 






with 












(3.3) 


. dc + bi 
w| < 

bn-l 


and t < — 


— ek 






By 


inequality (|2.2[). it follows that 












dc + b\ r — ek 

T + B + —^ — < 

On-l Ol 


k r 
b\b 2 


— ek 
< 


r 

b[ 


<l 


Together with (|3.3[), this implies 











t< I. 
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Therefore, the equation (|3.1[) has a solution u = (uo, ...,u n ) such that uq = e, 
Ui = t + 1 + Wi, Ui = Wi + 1 for i = 2, ...,n — 1 and u n = 1 + I — (t + e + n + |w|). 
In particular, Ui > for all i; consequently, by Definition 13. 1[ A; i7 . is the simplex 
{0, ..., n} which has trivial homology groups. This is a contradiction. 

Finally, for any solution y = (yo, ■■■,Un) of the equation (|3.1[) with yo > 0, we 

have 

r ek + dc + B 

y ^l < * <6+L 

Since e|yo, it follows that yo = e. □ 

The following two lemmas will prove that if I > n + reg J (a) and A; >r has non- 
trivial homology groups then A/, r has a structure of a double cone. 

Lemma 3.5. Assume that I > n + reg J(a) and A; r /ias non-trivial homology 
groups. If F is a facet of A; iT -, and ^ F then 1 £ F. 

Proof. Assume that there exists a facet F of Aj jr such that 0, 1 ^ F. By Definition 
13. 1[ the equation 

(3.4) y x bi + ... + y n b n = r 

has a solution y = (yi, ..., y n ) such that suppy = F, y\ = and X)"=i 2/* = '• Thus 
I > ■£-. As in (I2.3[) . we can write 

r = 5Z b * + f5 i + w ' b 

with 

ii dc + h r 

w < — and t < —. 

b n -i h 

Together with inequality (|2.2[) . this implies 

dc + bi „ r fc r r r r 

On-l 01 Ol02 61 O1O2 b\ 2 

Note that £ > 0, since 61 + ... + o„_i + dc + 61 < k < r. Therefore, there is a 
solution z = (zi, ..., z n ) of the equation (|3.4p such that zi = i + wi, z* = SiF + Wi 
for z = 2, ...,n — 1, and 2„ = /— (|w| + £ + |F|). In particular, suppz D suppy which 
is a contradiction. □ 

Lemma 3.6. Assume that I > n + reg J (si) and A; ,. /ias non-trivial homology 
groups. If F is a facet of A/ r , and £ F i/ien n £ F. 

Proof. Assume that F is a facet of A/ r such that Oef and n ^ F. By Definition 
13.11 and Lemma I3~4l the equation 



ek + yibi + ... + y n b n = 



r 



has a solution y — (yi, ..., y„) such that y„ = and X)"=i Ui — I ~ e - Moreover, by 
Lemma [Jill we have I > ■£-. By inequality (|2.2[) , it follows that 

e I & n _i > I — -e) 6„_i > ff f X +B) 6 2 - e I o„_i >dc + B. 



Therefore 



= efc + > j/j6j > efc + ( e I b n -i > ek + dc + B , 
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which is a contradiction to Lemma [3741 Therefore, n G F. □ 

One of the surprising consequences of the double cone structure is the following 
characterization of minimal inhomogeneous generators of I(a + j) when j ^$> 0. 

Corollary 3.7. Assume that j > N. Let e — d/ gcd(d,a n + j). Any minimal 
binomial inhomogeneous generator of /(a + j) is of the form 

xlf-gxl 

where u,v > 0, / and g are monomials in the variables x%, ■ ■■, x n-x, and moreover, 
u + deg f = v + deg g + e. 

Proof. By Lemma l3.4l and the double cone structure, any minimal binomial homo- 
geneous generator of /(a + j) involving an xo has the form 

u f e v 

x l J ~ x o9 x n 

where u,v > and /, g are monomials in X2, ...,x n -\. The corollary follows since 
any minimal binomial inhomogeneous generator of /(a + j) is obtained from deho- 
mogenization of a binomial homogeneous generator of I(& + j) involving an xq. □ 

4. Periodicity of betti numbers of projective monomial curves 



The main result of this section is Theorem 14 . 61 where we prove that when j > N , 
the betti table of I (a + j + b±) is obtained from the betti table of I (a + j) by 
shifting the high degree part by e rows. As in section [31 we denote by Ai tT (j) 
the squarefree divisor simplicial complexes associated to elements of the semigroup 
a + j and A;. r (j + 6i) the squarefree divisor simplicial complexes associated to 
elements of the semigroup a + j + &i . 

As an appliciation of the double cone structure, we will prove that if I > n + 
reg J (a) and A;, r has non-trivial homology groups, then Ai ir (j) = Ai+^r+eb-i (j+bi) 
as simplicial complexes. First we prove that if I > n + reg J (a) and Ai tr (j) has 
non-trivial homology groups then / is controlled in a small range by r. 

Lemma 4.1. If I > n + reg J(a) and Ai >r (j) has non-trivial homology groups, then 

r dc + b\ 

I < — + — \-n. 

Proof In order for A^ r (j) to have non-trivial homology groups, there must exist at 
least a facet F of Ai !r (j) such that n ^ F. By Lemma l3~B"l this implies that ^ F. 
Therefore, by Definition 13. 1[ the equation 

(4.1) yibx + ... + y n b n = r 

has a solution y = (j/i, ...,y n ) such that suppj/ = F, y n — 0, Y^i=i Vi ~ '• ^ s m 

r = ^2b l + tbi+w-b, 

ii dc + bi r 

w < — and t < — . 

On-X OX 

Therefore, if I > f- + d ^ +bl + n then t+\w\ + n < I. In particular, the equation (j4.1|) 
has a solution z\ = t+wi, Zi = SiF+wt for 2 < i < n—1 and z n = I— t— |w| — \F\ > 0. 
By Definition l3.il FU{n} C supp 2 is a face of Ai >r (j), which is a contradiction. D 



2.3j) . we can write 



with 
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The following two lemmas are the first indication of a relation between Az )T .(j) 
and Aj+e.r+efci (J + bi). 

Lemma 4.2. If I > ra + reg J (a) and A^ r (j) has non-trivial homology groups, then 

Al,r(j) ^ ^■l+e,r+eb 1 (j + &l). 

Proof. Let F be a facet of A;. r (j). We need to prove that F G Aj+e^+ebj (j + 61). 
If £ F then by Definition 13.11 the equation 



yxbi + ... + y n b n = r 

has a solution y — (3/1, ..., y n ) such that supp 3/ = F and X)"=i Hi — '• Therefore, 
the equation 

3/1&1 + ... +2/ n 6„ = r + ebi 

has a solution z = (3/1 + e, 3/2, •■•, 2/n) such that supp z D F and X)"=i z » = ' + e - By 
Definition [31] F £ A i+e!r+ebl (j + 61). 

If G F, then by Definition 13.11 and Lemma 13.41 the equation 

y k + yibi + ... + y n b„ = r 

has a solution y = (e,yi,...,y n ) such that supp 3/ = F and 2i=o2/» = '■ Thus the 
equation 

3/0 (ft + 61) + yih + ... + y n b n = r + e&i 

has a solution 2 = (e, 3/1, ..., y n —i,yn + e ) such that supp z D F and X)"=o Zi = l + e - 
By Definition |3U F G A J+e , r+e6l (J + h). D 

Similarly, we have 

Lemma 4.3. If I > n + reg J(a) and Ai <r (j +61) ftas non-trivial homology groups, 
then 

Ai_ e:r _ ebl (j) C Aj, r (j + h). 

Proof. Let F be a facet of Aj_ e ,r— ebi (?)• We need to prove that F G At >r (j + bi). 
If ^ F then by Definition 13.11 the equation 

3/1&1 + ... + 3/„&„ =r-eh 

has a solution 3/ = (3/1, ..., y n ) such that supp 3/ = F and X)"=i Vi — ^~ e - Therefore, 
the equation 

y\b\ + ... + y n b n = r 

has a solution z = (3/1 + e,j/2, ••• ) 3/n) such that supp z 3 F and X)™=i z * = '• By 
Definition O F G Aj, r (j + h). 

If G F then by Definition 13. 1) the equation 

Vok + y\b\ + ... + y n b n =r-eb\ 

has a solution y = (2/O5 •••> 2/n) such that supp 3/ = F and X)"=o ?/* = I — e. Since 
A; l7 .(j + 61) has non-trivial homology group, the proof of Lemma 13.41 shows that 
d\r, thus e\yo- Also, by Lemma I3T41 r < e{k + b\) + dc + B, thus 3/0 = e - Therefore, 
the equation 

3/0 (ft + 61) + 2/1&1 + ••• + JM&n = r 
has a solution z = (e,yi,...,y n -i,y n + e) such that suppz D F and 5Z"_ z% — I- 
By Definition EU F G A/, r (j + 61). D 
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Proposition 4.4. If I > n + reg J (a) and Az, r (j) has non-trivial homology groups, 
then 

Al,r(j) = Ai +eir+ebl (j + b%). 

Proof. By Lemma |4~2I it suffices to show that for any facet F of Ai +e ^ r+e i, 1 (j +61), 
we have F G A^ r (j). 

If F, then by Definition 13.11 the equation 

yibi + ... + y„b n = r + eb\ 

has a solution y = (j/i, ..., y n ) such that supp y = F and X)i=i 2/« = ^ + e - Assume 
that j/i < e, then 



2J J/i&i - e6i < ^ V^i < (I + e )t>2- 



r = 

i=\ i—1 

By Lemma 14.11 and inequality (|2.2[) , 

/, m ( r dc + bi \, / r r \ , ^ 

r<(z+e)52< u + T^r +n+ T 2< u + ^r 2 - r - 

Thus we must have y\ > e. Therefore, the equation 

yibi + ... + y n b n = r 

has the solution z — (yi — e, ..., y„) such that supp z — supp y — F and X^=i z i — ^- 
By Definition EZQ F G A/, r (j). 

If G F, then by Definition 13.11 and Lemma 13. 4[ the equation 

e(k + 61) + yibx + ... + y n b n = r + e&i 

has a solution y = (yi, ..., y n ) such that {0} U supp y = F and e + X)"=i J/i = ^ + e - 
Assume that y„ < e, then Xa=i J/j > £ — e. By Lemma 13.41 and inequality (|2.2p . 

r - efe = J^ yA > (Z - e)6„_i > f e J fe„_i 

z— 1 ^ ' 

> b 2 (dc + 61 + F6„_i) - e&„_i > dc + B. 

In other words, r > ek + dc + B. By Lemma [3.41 Az i7 .(j) has trivial homology, 
which is a contradiction. Thus, y n > e. In particular, the equation 

ek + yibi + ... + y n b n = r 

has the solution z = (yi, ..., y n —i,yn ~ e) such that suppz = suppy = F and 
e + £™ =1 z 4 = I. Therefore, by Definition EQJ F G Aj, r (j). D 

Proposition 4.5. // ^ > n + regj(a) and A; iT .(j +61) /ias non-trivial homology 
groups, then 

A; !r (j + 6i) = A ; _ e , r _ ebl (j). 

Proof. The proof is similar to that of Proposition 14.41 □ 

The equality of the simplicial complexes A; ]r (j) and A;+ e)r _)_e6 1 (j + &i) shows 
that the betti table of /(a + j + b±) is obtained from the betti table of J(a + j) by 
shffing the high degree part by e rows as follows. 
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Theorem 4.6. If I < n + reg J (a), then 

I3 hl (l(a + j) = f3 l:l (l(a + j + b 1 ). 

If I > n + reg J (a), then 

p itl (I(a + j)) = {3i, l+e (I(a + j + h)). 

Proof. First part follows since syzygies of /(a + j) and /(a + j + b\) of degrees at 
most n + reg J (a) are the syzygies of J (a) by Lemma \3. 31 

Assume that I > n + reg J(a). By Proposition 14.41 if Ai }T (j) has non-trivial 
homology groups, then A; !r (j) = Ai +e ^ r+e b 1 (j + &i). Thus, by Proposition 13. 2\ it 
follows that 

(3u(i(a + j)) = ^dim/f ffi(A z , r (j)) 

r>0 

= ^2 dim^ Hi(A l+e , r+ebl (j + 6i)) 

r>0 

<A,i +e (J(a + j + 6i)). 

Moreover, by Proposition 14.51 if A;_|_ eiT .(j + &i) has non-trivial homology groups, 
then Ai +e ^ r (j + b\) = A; jT ._ e 6 1 (j). Thus, by Proposition 13. 2[ it follows that 

/3 4l i +e (J(a + i + 6 1 ))= V dim K iyi(Ai jr (i + 6 1 )) 



E 

r>ebi 



dim K Hi(A Lr _ ebl (j)) 



</3 M (J(a + j)). 

Therefore, ft,i(^(a + j)) = Pi,i+ e {I(a + J + hj). D 

Remark 4.7. Note that to establish results in this section and section^ we only 
require that inequality (|2.ip and inequality (|2.2j) hold true for k. Since these inequal- 
ities are still valid when we replace k and k — a n , the periodicity of betti numbers 
of I (a + j) happens when j > N — a n . 

As a corollary, we have 

Corollary 4.8. If j > N, then 

reg/(a + j + h) = rcg/(a + j) + e. 

In particular, reg I (a + j) is quasi-linear in j when j > N. 

Proof. By Theorem 14. 6[ it suffices to show that there is at least one minimal bi- 
nomial generator of /(a + j) involving Xq. This is always the case, since J(a + j) 
always contains at least one inhomogeneous minimal generator. □ 

5. Periodicity of betti numbers of affine monomial curves 

The main result of this section is Theorem 15. 7\ where we prove that the total 
betti numbers of J(a + j) are equal to those of J(a + j) when j > N. From that 
and the eventual periodicity of betti numbers of I(a + j) in section^ we prove the 
main theorem. 

Fix j > N. We simply denote A^ r (j) by A; ;r . Denote by (a + j) the semigroup 
generated by k — 6i, ..., k — 6„_i, k. The ideal /(a + j) is the defining ideal of the 
semigroup ring K[(a + j)]. In this setting, Definition [L3] gives 
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Definition 5.1. For each m £ (a + j), let A m be the simplicial complex on the 
vertices {1, ..., n} such that F C {1, ...,n} is a face of A m if and only if the equation 

n 

(5.1) X>(fc-&o = m 

has a non-negative integer solution y — (j/i, ..., y n ) such that F C supp y — {i : yi > 
0}. 

In considering the betti numbers of /(a + j), we will use the following grading 
coming from the semigroup (a + j). 

Definition 5.2 ((a+j)-grading). The (a+j)- grading on R — K[x\, ..., x n ] is given 
by deg x l = k-b l . 

When R is endowed with (a + j)-grading, Theorem [L4] gives 

Proposition 5.3. For each i and each m, we have 

ft m (/(a + j)) = dmi K Torf (J(a + j),K) m = dim K H t (A m ), 

where Tor,j (J(a + j),K) m is the (a + j)-degree m part of Tor i (J(a + j),K), 



Note that for each pair (l,r) corresponding to an element of a + j, Ik — r is 
an element of (a + j). To prove the equality of total betti numbers of /(a + j) 
and of /(a + j), we prove the equality of homology groups of Aik~ r and of Aj )T .. 
More precisely, applying the double cone structure, we will prove that for each 
I > n + reg J(a), if Aj jT . has non-trivial homology groups then A/fc_ r is obtained 
from A; ;T . by deleting the vertex 0. The double cone structure again applies to 
prove that A;, r and A m have the same homology groups. 

Similar to Lemma 13.31 we first establish the separation in the betti table of 
J(a + j). 

Lemma 5.4. Assume that j > N. Any minimal binomial inhogeneous generator 
ofI(a + j) has (a + j) -degree larger than fc(n + reg J(a)). In particular, any syzygy 
ofI(a + j) of (a + j)- degree at most k(n + regJ(a)) is a syzygy of J (a). 

Proof. By Theorem l4.6l and Remark l4.7[ each inhomogeneous generator of I(a + j) 
has degree at least n + reg J(a) + e. Thus its (a + j)-degree is at least 

(n + e + reg J(a))(k — 6i) > fc(n + reg J(a)) 

since fc = a n + j > &i + TV, and by the choice of N in (jl.lj) . 

e(k-bi) >eN> 6i(n + reg J(a)). 

The second statement follows immediately. D 

The following technical lemma says that for each pair (I, r) for which I > n + 
reg J(a) and A; ]T . has non trivial homology groups, the corresponding simplicial 
complex Aik-r is obtained from A^ r by the deletion of the vertex 0. From Lemma 
and Lemma l3.6[ we see that A^ r and A m have the same homology groups. 



Lemma 5.5. Assume that I > n + reg J (a) and A;.,, has non-trivial homology 
groups. Let m = Ik — r. If (jji, ...,y n ) is a non-negative integer solution of (|5.1j) 
then Yli=i Vi — I ~ e or Ya=i Hi = I- ^ n particular, A m is obtained from Ai, r by 
the deletion of the vertex 0. 
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Proof. Note that J27=i ViQ^ — bi) = Ik — r is equivalent to 

•l fe = y^ yA - r - 




4=1 



Since the right hand side is divisible by d, the left hand side is divisible by d. 
Therefore X)i=i Vi ~ ' i s divisible by e. Thus it suffices to show that Y] ■_-, y, > Z — e 
and S"=i Vi<l + e. 

By Lemma 13.61 and inequality 



Moreover, 



Elk — r Ik — ek — B — dc 
Vi - nr~ fe > « - e - 1. 

i— 1 



y*< 



Z=l 

To prove that rT'" < I + e is equivalent to prove that 

/6i + eb\ < r + ek. 

This follows from Lemma I4TTI and inequality (|2.2p since 

fdc + bi \ fc , ^ 

Ibi + ebi < r + [ — \-n + e)bi<r+ -r-r b i <r + ek. 

V b n -i J Oi6 2 

Therefore Yli=i Vi IS either I — e or I. 

Let A be the simplicial complex obtained by deleting the vertex of the simplicial 
complex Ai >r . From Definition 13.11 and Dcfinition l5.il A C A m . It suffices to show 
that A m C A. Let F be any facet of A m . By Definition 15. 1[ there exists a solution 
(yi, ..., y„) of the equation Xa=i y*(^ ~bi) — m such that supp y = F. We have two 
cases: 

If Y^i=i Vi ~ h then y is also a solution of the equation Y^ii=i S/*&« = r - By 
Definition 13.11 F is a face of A; ir which is also a face of A. 

If Si=i 2/s — ' ~ e i then z — (e,yi, ...,y n ) is a solution of the equation yofc + 
Si=i J/i^i = r. By Definition 13. 11 FU {0} is a face of A;. r , thus F is a face of A. D 

Lemma 5.6. Assume that l\,l 2 > n + reg J(a) and A/ iri , A; 2ir2 Ziawe non-trivial 
homology groups. Then l±k — r\ ^ l 2 k — T<i. 

Proof. Assume that l\k — n = ?2& — r 2 - It follows that fc|ri — r 2 . Moreover, by 
Lemma 13.41 we have 

ek < r\, r 2 < ek + dc + B. 
Together with inequality (|2.2[) this implies 

Vi - r 2 \ < dc + B < k 
Thus r\ = t-x and so l\ = Z 2 . D 

Theorem 5.7. For eac/i j, /^(/(a + j)) = ft(/(a + J))- 

Proof. Since J(a+j) is the dehomogenization of I(a.+j), j3i(I(a+j)) > /^(/(a+j)). 

Moreover, by double cone structure in section |3] and Lemma 15. 5[ we have if 

I > n + reg J(a) and A; ir has non-trivial homology groups then A< jT . and A;fc_ r 
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have isomorphic homology groups. Together with Proposition 15.31 and Proposition 
we have for each i, 

ft(J(a + j)) = V dim^(A m ) 



m>0 



^ dimic Hi(A m ) + Y^ dim^ #i(A r , 



m<fc(n+rcg J(a)) m>fc(n+rcg J(a)) 

> ^ dim K i?. ( (A ;/r )+ ^ dim^-H^A^) 

/<n+rcg J(a) Z>n+reg J(a) 



E 



dim K H i {A l<r )=/3 i (I(si + j)) 



Therefore, ft (/(a + j)) = ft (/(a + j)). □ 

Proof of Theorem ] 1.1\ Fix j > iV. By Theorem 15.71 for each i, ft (/(a + j)) = 
ft (/(a + j)). By Theorem EH ft (/(a + j)) = ft (/(a + j + 6i)). Thus the betti 
numbers of I(a.+j) are equal to the corresponding betti numbers of I(a.+j + bi). □ 

Finally, note that in general, the period b\ of the eventual periodicity of betti 
numbers of /(a + j) is sharp. In the case a is an arithmetic sequence it was 
proven by Gimenez, Sengupta and Srivivasan in [6]. In the following, we will 
show that the period b\ of the eventual periodicity of betti numbers of /(a + j) 
is sharp in the case of Bresinsky's sequences. Recall from Q] that, for each h, let 
a h = ((2ft - l)2/i, (2h - l)(2/i + 1), 2h{2h + 1), 2h(2h + 1) + 2h - 1) be a Bresinsky 
sequence. Since the minimal homogeneous generators of I(a h +j) are the same when 
j ^> 0, it suffices to consider the number of minimal inhomogeneous generators of 
I(a h + j) when j 3> 0. For an ideal /, we denote by fj/(I) the number of minimal 
inhomogeneous generators of /. 

Fix h > 2. We simply denote a h by a. In this case, we have b\ = 6h— 1, b 2 = 4/i, 
63 = 2/i — 1 and B — 12h + 3. Note that R = 2f[a;i, £2, 3:3,0:4]. 

Lemma 5.8. //j > 46i6 2 (6 2 + 1) t/ien //(i"(a + j)) = //(I(a + j + 61)) < 6/1 + 1. 

Proof. We first compute the number N in equation Ql.ip in this situation. By [T], 

TYq'I — f«. _ „ ^ 4h _ J4-1 Jli+l „ „ih-l JZhJZh 2h+l 2h-l _ 4h\ 

tj (a) — \X 2 X% 3/JX4, Xo Xo iC^ , •Ju'^X'3 , Xo *4 , "*5 **^1 **^3 ^2 /' 

By Buchberger's algorithm, [U Theorem 15.8], these elements form a Grobner basis 
for J(a) with respect to grevlex order. Thus the initial ideal of J(a) is 

in(J(a)) = (x 2 x 3 ,xi h ,x 1 xf l -\...,xl h xl h ,xi h ). 

Since 

(x 2 x 3 ) : xf 1 = (x 2 ), 

{x 2 x^xi\...,x\xf- 1 ) : x^xf-'- 1 = (x 2 ,X 3 ) 
for alii = 0, ..., 2h — 1, and 

(sa^sf,...,*?*^):^ = (z 3 ), 

in(J(a)) has linear quotient. By [9j, regin(J(a)) = Ah. Moreover, by [4, Theo- 
rem 15.17], 

reg J (a) < regin(J(a)) = 4/i; 
therefore, reg J(a) = Ah. 
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Note that the conductor of the numerical semigroup generated by 61, 62,63 is 
c = Ah(2h - 1) - Ah - (2h - 1) + 1. Therefore, 

TV = max{6 1 (4 + reg J( a )),6 1 6 a (^- i + B)} < Abib 2 {b 2 + 1). 

63 

By Theorem 1 1.1 1 and the fact that minimal homogeneous generators of I(a+j) and 
I(a + j + b\) are the same, [i'(I(a + j)) = /i'(a + j + 61) when j > 46162(62 + !)• 

Fix j > 46162(62 + 1)- We simply denote by A; :r the simplicial complexes 
associated to elements of the semigroup a + j . By Corollary 13.71 and the fact that 
X1X4 — X2X3 G J (a), any minimal binomial inhomogeneous generator of I(& + j) is 
of the form 

"1 "2 M3M1+M2-1-M3 rvr ~Pl V 3 »2 «l+«3-l- «2 

12 34 ) X1X0 xo ^4 

Moreover, for each U3, and each V2, there can be at most one minimal binomial 
generator of /(a + j) of the two forms above. By Theorem 15.71 and Definition 13.11 
these minimal binomial inhomgeneous generators correpond to A^ r where r is of 
the form 04 + j + Ahv2 or 04 + j + (2h — 1)1*3. 

Assume that either V2 > 2h or u 3 > Ah + 1, then r — (04 + j + Ah + 2h — 1) > c. 
Using representation as in (J2.3I) , we can write 

(5.2) r = a 4 + j + tb\ + 6 2 + 63 + w 2 b 2 + 103&3 

for some non-negative integer W2, W3 such that c < W262 + W363 < c + b±. We have 

r — 04 — j c + 61 r 

3 + 1 + Wz + w 3 < -± — - + — — - + 3 < — < I 

61 63 61 

since 61/63 < 4 and j > 61(62 + 7). By Definition 13. 1[ {0,2,3,4} is a face of A/, r . 
Moreover, 61 = 62 + 63, thus equation (|5.2[) and Definition 13. II gives {0, 1} is a face 
of A^ r . Thus A; >r is connected, so A^ r does not support any minimal generator of 
/(a + j). Thus u 3 < Ah and u 2 < 2h - 1. D 

We keep notation as in the proof of Lemma 15.81 For each u 3 and each ij 2 , the 
following lemma gives the explicit form of minimal inhomogeneous generators of 
J(a + j). 

Lemma 5.9. Let j = (6h — l)m+s for some m and s such that < s < 6/1 — 2. Let 

s = (2h — l)a — Ahb be the unique representation of s in term of 2h — 1 and Ah such 
that < a < Ah and < 6 < 2h - 1 and (a, 6) ^ (Ah,2h - 1). //j > 46i6 2 (6 2 + 1) 
i/ien the minimal inhomogeneous generators of I (a + j) are among the following 
forms 

r2 _ v 2 +m+l — b a+b+2h— v 2 _ v 2 m+2h+a— v 2 
Jv 2 ~ x l x 3 x 2 x 4 

2 _ «2+m+2/i — fc a+6+1 — 4h— 02 _ V2 m—2h+a—V2 
iJv 2 ~ x l x 3 x 2 x 4 

/•3 m-6/i+a|l+U3 10/i-2-a-&-it3 u?, m+Ah — 2 — 6— U3 

/« 3 — ^1 ^2 — • X 3 X i 

„3 _ m-2/i+l+a+U3 4fc— 1— 0— 6— u 3 _ tt 3 m+2h— 1— b— U3 
S/u 3 — A l x 2 x 3 x 4 

where < v 2 <2h— 1, and < u 3 < Ah. 

Proof. Assume that / = x^x^ 3 — x 2 2 x^ 1+V3 ~ 1 ~ V2 is a minimal generator of I(a+j). 
By Theorem 1 5 . 71 and Definition 15. li 

(6/1 - l)m + s + 2fe(2/i + 1) + 2h - 1 4- Ahv 2 = (6/1 - l)«i + (2/i - l)u 3 . 
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Equivalently, 

(5.3) s = (2h- l)Oi + v 3 - (m + 2h + 1)) + ih(vi -v 2 -m- 1). 

If / is a minimal generator of /(a + j) then v\ + V3 is as small as possible so that 
the equation (|5.3|) has non- negative integer solutions in v\ and V3. Moreover, by 
Lemma [3T4l v\ + v$ — (m + 2ft + 1) > — (2/i +1). Therefore, either 

i>i + v 3 — (m + 2/i + 1) = a, and Ui — i> 2 — m — 1 = —b 

or 

fi + ^3 — (to + 2/i + l) = — (2ft — 1 — 6), and «i — t> 2 — m — 1 = 4ft — a. 

The first case gives the family f 2 z , while the second case gives the family g^ 2 . 

Assume that g = x\ x x^ — x^ 3 x^ 1+U2 " ~" 3 is a minimal generator of /(a + j). 
By Theorem 1 5 . 71 and Definition 15.11 

(6ft - l)ro + s + 2ft(2ft + 1) + 2h - 1 + (2ft - l)u 3 = (6ft, - l)u x + 4ftu 2 . 

Equivalently, 

(5.4) s = (2h - l)(ui - u 3 - (to - 2ft. + 1)) + 4h(u! + u 2 - m - 2h). 

If g is a minimal generator of /(a + j) then ui + u 2 is as small as possible so that 
the equation (|5.4j) has non- negative integer solutions in u\ and m 2 . Moreover, by 
Lemma [33 u\ + u 2 — (m + 2ft) > — 2h. Therefore, either 

Mi — «3 — (m — 2ft. + 1) = a, and u\ + u 2 — TO — 2h = —b 

or 

ui — M3 — (m — 2/i + 1) = —(2ft — 1 — 6), and ui + u 2 — m — 2ft = 4ft — a. 

The first case gives the family gf 3 , while the second case gives the family /^ . □ 

Proposition 5.10. //j > 46i6 2 (&2 + 1) iften //(/(a' 1 + j)) < 6ft - 1. Moreover, 
equality happens if and only if j = 4ft mod 6ft — 1 . In particular, the period of the 
periodicity of the betti numbers of I(& h + j) in j is exactly 6ft — 1. 



Proof. We keep the notation as in Lemma 1531 We have the following cases. 

If a + b < 4ft - 1, then gf <£ R for any i > 0. Moreover, / 2 - xl +b+1 gl e J(a), 
thus /q is not minimal. Also, /|/,_i — x^ + +1 gl h _ 1 _ a _ b e ^( a )' tnus /f/1-1 ™ 
not minimal. Finally, note that gf ^ i? for i > 4ft — 1 — a — 6, and f^—a—i — 
a ; 3 2; 4 /l_2 54/i_i_ a _6 G ^( a ) which is not minimal. Thus //(/(a + j)) < 6ft — 2. 

If a + 6 = 4ft — 1, then <?q = <?q is the only element in the family g 2 belongs 
to /(a + j) and /^ 2 — x^x A V2 g 2 <E </(&), thus no element in the family f 2 are 
minimal. Thus /J,' (I (a + j)) < 4ft + 1. 

If 4ft - 1 < a + b < 6ft - 3, then gf <{_ R for any i > 0. Moreover, f^ - 

x &h-2 (a+b) g 2 e j( a ^ thug j3 ig Q0t minima l. Also, / 4 \ -X 6 2 h ~ i ' ia+b ' gl +b+1 _ ih 6 

J(a), thus f\ h is not minimal. Finally, note that g 2 $- R for i>a+6+l— 4ft, and 
fl+b+2-ih ~ x 2 x^ 1 g a +b+\-ih e -/(a) which is not minimal. Thus / u'(/(a + j)) < 
6ft -2. 

Finally, if a + 6 = 6ft — 2 then a = 4ft and 6 = 2ft — 2 and then s = 4ft. In this 
case, the minimal inhomogeneous generators of I(a. + j) are among 

m+2/i+l-i J 4/i — z m — 2/i+i 
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for i = 0, ..., 4fc — 1, and 



r ,m+2h+l-ii _ 2/i-l-i m+i+1 



1 •*"& A 2 ^4 

for i= l,...,2k- 1. 

Moreover, each of these generators has degree exactly m + 2h + l. For each r of 
the form r = 04 + j + 4/iV2 or r = 04 + J + (2ft — 1)^3 where < vi < 4ft — 1 and 
< W3 < 2ft, — 2, it is easy to check that A m+ 2h+i. r is disconnected. By Theorem 
[S3 j u'(7(a + j)) = 6ft -1. D 
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